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Abstract

Let R = Fq2 + uFq2 , where Fq2 is the finite field with q2 elements, q is a pow-
er of a prime p, and u2 = 0. In this paper, a class of maximal entanglement
entanglement-assisted quantum error-correcting codes (EAQECCs) is obtained by
employing Hermitian linear complementary dual (LCD) (1 − u)-constacyclic codes
over R of length n. First, we give a sufficient condition for a linear code C over
R to be Hermitian LCD and claim that there does not exist a non-free Hermitian
LCD code over R. Also, assume that gcd(n, q) = 1, and γ is a unit in R, we obtain
all γ-constacyclic LCD codes. Further, we give a technique to find the Hamming
minimum distance of a (1 − u)-constacyclic code of length n over R. Finally, we
derive symplectic LCD codes over Fq2 as Gray images of linear and constacyclic
codes over R. By using the explicit symplectic method in [10], we get the desired
maximal entanglement EAQECCs.

1 Introduction

Linear complementary dual (LCD) codes are linear codes that meet their duals trivially,
and have been widely applied in data storage, communications systems, consumer elec-
tronics, and cryptography. In [20], Massey proved that LCD codes provide an optimum
linear coding solution for the two-user binary adder channel. Carlet and Guilley [3] in-
vestigated an interesting application of binary LCD codes against so-called side channel
attacks (SCA) and fault injection attacks (FIA). A necessary and sufficient condition for
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a cyclic code to be an LCD code has been provided by Yang and Massey [26]. In [12],
quasi-cyclic codes that are LCD have been characterized and studied using their concate-
nated structures. Li et al. [17] constructed some LCD cyclic codes over finite fields and
analyzed their parameters. With the development of classical error-correcting codes and
their applications to quantum error-correcting codes (QECCs), people have extensively
studied the Euclidean and Hermitian inner product and investigated the corresponding
LCD codes (see, for example, [4, 6, 7, 16]).

In [1], Brun et al. introduced entanglement-assisted quantum error-correcting codes
(EAQECCs), which allow the use of classical error-correcting codes without orthogo-
nality. The concept of maximal entanglement EAQECCs was introduced by Lai et al
[14]. It was shown that maximal entanglement EAQECCs can achieve the entanglement-
assisted quantum capacity of a depolarizing channel. Additionally, there is a close link
between EAQECCs and LCD codes. The application of LCD codes in constructing good
EAQECCs has aroused the interest of researchers in the past few years, and many classes
of maximal entanglement EAQECCs have been constructed (see [11, 19, 22, 23]).

In this paper, we focus on Hermitian LCD codes over finite rings and their applications
to maximal entanglement EAQECCs. Let R = Fq2 + uFq2 , where Fq2 is the finite field
with q2 elements, q is a power of a prime p, and u2 = 0. We give a sufficient condition
for a linear code C over a finite ring R of length n to be Hermitian LCD. We claim that
there does not exist a non-free Hermitian LCD code over R. Assume that gcd(n, q) = 1,
and γ is a unit in R, all γ-constacyclic Hermitian LCD codes are obtained. We introduce
a Gray map, and derive symplectic LCD codes over finite fields as Gray images of linear
and constacyclic codes over R. As an application, we present a construction of a class
of maximal entanglement EAQECCs by employing a class of Hermitian LCD (1 − u)-
constacyclic codes over R of length n.

The work is organized as follows. Section 2 gives preliminaries and background. In
Section 3, we give the characterizations of Hermitian LCD codes and Hermitian LCD
constacyclic codes. In Section 4, LCD codes with respect to the symplectic inner over
finite fields product by employing codes over R. Based on aforementioned results, a
construction of a class of maximal entanglement EAQECCs is obtained in Section 5.

2 Preliminaries

2.1 Codes over ring R

Let Fq2 denote the finite field of order q2, where q = pm, and p is a prime number.
Consider the ring R = Fq2 + uFq2 , where u2 = 0. The ring R is a finite chain ring
with a unique maximal ideal 〈u〉, i.e., R is a local ring. The units of R are the elements
{a+ ub|a 6= 0, a, b ∈ Fq2} and the residue field is Fq2 .

A linear code C over R of length n is an R-submodule of Rn. The Hamming weight
of a codeword c ∈ C, denoted by wH(c), is the number of its nonzero entries. The
Hamming distance of two codewords x, y, denoted by dH(x, y), is the number of entries
where they are different. The Hamming minimum distance of a linear code C is defined
by dH = dH(C) = min{wH(c) : for all nonzero c ∈ C}, and the minimum distance is
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bounded by the Singleton bound: dH ≤ n − k + 1. A code meeting the bound is called
MDS. For any x = a + ub ∈ R, where a, b ∈ Fq2 , the conjugate of x is defined as
x̄ = ā − ub̄, where ā = aq, b̄ = bq. Let c = (c1, c2, · · · , cn), c′ = (c′1, c

′
2, · · · , c′n) ∈ C, the

Hermitian inner product of c, c′ is defined by 〈c, c′〉H =
∑n

i=1 c̄ic
′
i. For a linear code C

over R, the Hermitian dual of C is defined as C⊥H = {x ∈ Rn : 〈x, c〉H = 0 for all c ∈ C}.

2.2 Notations about symplectic inner product

Next, we introduce some basic results and notations about symplectic inner product.
For x = (u|v), y = (u′|v′) ∈ F2n

q2 , where u, v, u′, v′ ∈ Fnq2 , the symplectic inner product
of x, y is defined by

〈x, y〉S = xΩyT = 〈u, v′〉E − 〈u′, v〉E,

where 〈, 〉E denotes the Euclidean inner product, Ω =

(
0 In
−In 0

)
, In is the identity

matrix of order n and yT denotes transposed vector of y. An [n, k] linear code C over Fq2
is a k-dimensional subspace of Fnq2 . For an Fq2-linear code C in F2n

q2 , define the symplectic
dual code as

C⊥S = {x ∈ F2n
q2 : xΩcT = 0 for all c ∈ C}.

It is easy to show that C⊥S is an Fq2-linear code C in F2n
q2 , and dim C⊥S +dim C = 2n.

For a vector (u|v) ∈ F2n
q2 , the symplectic weight is defined by wS(u|v) = |{i : ui 6=

0, or vi 6= 0}|, where u = (u1, u2, · · · , un), v = (v1, v2, · · · , vn) ∈ Fnq2 . For two vectors

(u|v), (u′|v′) ∈ F2n
q2 , the symplectic distance is defined by dS((u|v), (u′|v′)) = wS(u−u′|v−

v′). The symplectic minimum distance of a linear code C is defined by

dS = dS(C) = min{wtS(u|v) : for all nonzero (u|v) ∈ C}.

Then it is straightforward to verify that an [2n, k] linear code C also satisfies the symplectic
Singleton bound: k + 2dS ≤ 2n + 2. A code achieving the bound is called a simplectic
MDS code.

3 LCD codes over ring R

3.1 Hermitian LCD codes over R

A linear code C over R is called a Hermitian LCD code if and only if C ∩ C⊥H = {0}.
The purpose of this section is to study Hermitian LCD codes. Therefore, the following
notations are given first.

By Mm×l(R), we mean the set of all m × l matrices over R. For A ∈ Mm×l(R), AT

denotes the transpose matrix of A, Ā denotes the conjugate matrix of A and A† denotes
the conjugate transpose of A over R. If the rows of A are linearly independent, then we
say that A is a full-row-rank (FRR) matrix. If there is an l ×m matrix B over R such
that AB = I, then we say that A is right-invertible and B is a right inverse of A. If m = l
and the determinant of A is a unit of R, then we say that A is nonsingular.

The following two results about FRR matrices over R appear in [8].
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Lemma 1. A ∈Mm×l(R) is FRR if and only if A is right-invertible.

Lemma 2. Let A ∈Mm×m(R). The following statements are equivalent:
(1) A is invertible.
(2) A is nonsingular.
(3) A is FRR.

In [5], we know that any nonzero linear code over R is permutation-equivalent to a
code C with generator matrix

G =

(
Ik1 A B1 + uB2

0 uIk2 uD

)
(1)

where A,B1, B2, and D are matrices over Fq2 . C is a free code if and only if k2 = 0.
Define the residue code Res(C) and the torsion code Tor(C) as: Res(C) = {x ∈ Fnq2 :
∃y ∈ Fnq2 , s.t.x+ uy ∈ C}, and Tor(C) = {x ∈ Fnq2 : ux ∈ C}.

Similar to Proposition 1.2 in [25], we easily get the generator matrix of the Hermitian
dual code of C.

Proposition 3. The Hermitian dual code C⊥H of the linear code C over R of length n
with generator matrix (1) has generator matrix(

(B1 + uB2)
† +D†A† D† In−k1−k2

uA† uIk2 0

)
.

In terms of the generator matrix, we now give a sufficient condition for a linear code
C over R to be Hermitian LCD, which is similar to Theorem 3.5 in [18].

Theorem 4. Let C be a code over R of length n with generator matrix G in standard
form as in (1). If the k×k matrix GḠT is nonsingular, then C is a Hermitian LCD code,
where k is the number of rows of G.

Proof. Let H be a generator matrix of C⊥H . For any c ∈ C ∩C⊥H , there are x ∈ Rk and
y ∈ Rn−k, such that c = xG = yH, which implies that xGḠT = yHḠT = 0. Since GḠT

is invertible, we have x = 0, and then c = 0. Hence C ∩ C⊥H = {0}, i.e., C is Hermitian
LCD.

We have the following corollary when C is a free code over R.

Corollary 5. Let C be a free code over R with generator matrix G in standard form as in
(1). Then C is a Hermitian LCD code if and only if the k×k matrix GḠT is nonsingular,
where k is the number of rows of G.

Proof. The sufficiency follows from Theorem 4, and we will only prove the necessity.
Assume that g1, . . . , gk are row vectors of the matrix G. Since C is a free code, then
g1, . . . , gk are linearly independent over R. Suppose that GḠT is singular, then there is a
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nonzero vector x ∈ Rk such that xGḠT = 0. Note that c = xG is a nonzero vector of C
and any codeword c′ ∈ C can be written as c′ = x′G for some x′ ∈ Rk. So we have

cc̄′
T

= xGḠT (x̄′)T = 0

and then c ∈ C⊥H . It follows that C ∩ C⊥H 6= {0}, i.e., C is not Hermitian LCD.

Next, we prove that there does not exist a non-free Hermitian LCD code over R.
An R-module C of rank k is projective if there is an R-module M such that Rk and

C ⊕M are isomorphic. Let A and B be R-modules. If A⊕ B is free, then A and B are
projective. For more information, please refer to [13].

Lemma 6 ([13]). Any projective module over a local ring is free.

Theorem 7. Any Hermitian LCD code over R of length n is free.

Proof. Let C be a Hermitian LCD code over R of length n. Then, C ⊕C⊥H = Rn, so the
R-module C ⊕ C⊥H is free. It follows that C is projective. Now C is a finitely generated
projective R -module and R is a local ring and by Lemma 6, C is free.

3.2 Hermitian LCD constacyclic codes over R

Let C be a linear code over R of length n. From now on, we assume that gcd(n, q) = 1,
and γ is a unit in R. For any codeword (c0, c1, . . . , cn−1) ∈ C, if (γcn−1, c0, . . . , cn−2) is
also a codeword of C, then we say that C is a γ-constacyclic code over R. A linear code
C is γ-constacyclic if and only if its polynomial representation is an ideal of the quotient
ring R[x]/ < xn − γ > .

The projection µ : R → Fq2 extends naturally to R[x] → Fq2 [x] as µ(f(x)) =∑
i µ (fi)x

i for f(x) =
∑

i fix
i, and also a projection Rn → Fnq2 as

µ(c) = (µ (c0) , µ (c1) , · · · , µ (cn−1)) for c = (c0, c1, · · · , cn−1) .

Thus for any nonempty subset C of Rn, µ(C) = {µ(c) : c ∈ C}.
A polynomial f(x) ∈ R[x] is monic if its leading coefficient is 1, and f(x) is a unit if

and only if µ(f(x)) is a unit. Two non-unit polynomials f(x), g(x) ∈ R[x] are coprime if
there are u(x), v(x) ∈ R[x] such that f(x)u(x) + g(x)v(x) = 1. A non-unit f(x) ∈ R[x]
is called basic irreducible if µ(f(x)) is irreducible. Obviously, if µ(f(x)) is irreducible,
then so is f(x). It is well known that any f(x) ∈ R[x] which is not divisible by γ
can be written as f(x) = εf1(x), where ε ∈ R[x] is a unit and f1(x) is monic. Let
f(x) =

∑
i fix

i be a polynomial in R[x] whose degree is k, where f0 is a unit in R, the
reciprocal polynomial of f(x) is f ∗(x) = xkf (x−1) . We denote by f †(x) the conjugation
of the reciprocal polynomial of f(x), i.e., f †(x) = f ∗(x).

The Hensel lifting plays a key role in the construction of constacyclic codes over R.

Theorem 8 ([21]). Let f(x) ∈ R[x] be monic. Assume that there are pairwise coprime
monic polynomials g1(x), g2(x), . . . , gk(x) ∈ Fq2 [x] such that µ(f(x)) =

∏k
i=1 gi(x). Then,

there are pairwise coprime monic polynomials f1(x), f2(x), . . . , fk(x) ∈ R[x] such that
f(x) =

∏k
i=1 fi(x) and µ(fi(x)) = gi(x) for i = 1, 2, . . . , k.
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It is easy to prove the following proposition.

Proposition 9. The dual of any γ-constacyclic code over R of length n is γ̄−1-constacyclic.

Lemma 10 ([2]). Let C be a free code over R of length n. If C is both α-constacyclic and
β-constacyclic for α, β units in R with µ(α) 6= µ(β), then either C = {0} or C = Rn.

Lemma 11 ([9]). Suppose that f1(x) and f2(x) are monic polynomials over R dividing
xn − γ. If C1 = 〈f1(x)〉 and C2 = 〈f2(x)〉 , then C1 ∩ C2 = 〈f(x)〉, where µ(f(x)) =
lcm(µ(f1(x)), µ(f2(x))).

Theorem 12. If µ (γγ̄) 6= 1, then any free γ-constacyclic code over R of length n is
Hermitian LCD.

Proof. Let C be a free γ-constacyclic code over R of length n. According to Proposition
9, C⊥H is a γ̄−1-constacyclic code. Then, C ∩ C⊥H is both γ-constacyclic and γ̄−1-
constacyclic. When µ (γγ̄) 6= 1, by Lemma 10, we have C ∩ C⊥H = {0}, since C ∩ C⊥H

can not be Rn. Therefore, C is Hermitian LCD.

Thus, in order to obtain all γ-constacyclic Hermitian LCD codes, we need to consider
only the case when µ (γγ̄) = 1. The following result gives a necessary and sufficient
condition for a γ-constacyclic code over R of length n to be Hermitian LCD, where
µ(γγ̄) = 1.

Theorem 13. Let C = 〈g(x)〉 be a γ-constacyclic code over R of length n and xn − γ =
g(x)h(x). If γγ̄ = 1, then C is Hermitian LCD if and only if g(x) = g(x)†.

Proof. Let C = 〈g(x)〉, where xn − γ = g(x)h(x). It is not hard to verify that C⊥H =〈
h(x)†

〉
. According to Lemma 11, we obtain C ∩ C⊥H = 〈f(x)〉, where µ(f(x)) =

lcm(µ(g(x)), µ(h(x)†)). If γγ̄ = 1, then g(x)∗h(x)∗ = xn − γ−1, and then g(x)†h(x)† =
xn − ¯γ−1 = xn − γ = g(x)h(x).

If g(x) = g(x)†, then h(x) = h(x)†. Since xn − γ = g(x)h(x), it follows that µ(xn −
γ) = µ(g(x))µ(h(x)), which implies that lcm(µ(g(x)), µ(h(x)†) = lcm(µ(g(x)), µ(h(x))) =
µ(g(x))µ(h(x)). So we have, f(x) = g(x)h(x) = xn − γ, i.e., C ∩ C⊥H = {0}. Therefore,
C is Hermitian LCD.

Conversely, if C is Hermitian LCD, then f(x) = xn − γ = g(x)h(x). Then, µ(f(x)) =
µ(xn − γ) = µ(g(x))µ(h(x)) = lcm(µ(g(x)), µ(h(x)†) = µ(g(x))µ(h(x)†). So we have
µ(h(x)) = µ(h(x)†) and then µ(g(x)) = µ(g(x)†). Therefore, g(x) = g(x)†.

Taking γ = 1− u in Propositions 9 and 13, we can obtain the following results.

Corollary 14 ([24]). Let C be a (1− u)-constacyclic code over R of length n if and only
if C⊥H is a (1− u)-constacyclic code over R of length n.

Corollary 15. Let C = 〈g(x)〉 be a (1 − u)-constacyclic code over R of length n and
xn − (1− u) = g(x)h(x), then C is Hermitian LCD if and only if g(x) = g(x)†.
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Similar to [15], let n′ ∈ {0, 1, . . . , p − 1} such that nn′ ≡ 1(modp) and β = 1 + n′u,
where (n, p) = 1. We have the following ring isomorphism map µ : R[x]/〈xn − 1〉 →
R[x]/〈xn − (1− u)〉, where µ(c(x)) = c(βx). The map can extend naturally to Rn →
Rn as µ(c) = (c0, βc1, · · · , βn−1cn−1), where c = (c0, c1, · · · , cn−1). When C is a cyclic
code if and only if µ(C) is a (1 − u)-constacyclic code. Next, we limit our discussion
to R = F22m + uF22m . As a immediate consequence, let β = 1 − u, we obtained the
following method to decompose xn − (1− u) into monic basic irreducible polynomials in
R[x]. Let g1(x), g2(x), . . . , gr(x) be monic basic irreducible polynomials in R[x] such that
xn − 1 = g1(x)g2(x) · · · gr(x), and let fi(x) = (1− u)deg(gi)gi((1− u)x) for 1 ≤ i ≤ r. Note
that (1−u)l = 1−u if l is odd and (1−u)l = 1 if l is even. Hence the polynomial xn−(1−u)
factors uniquely into basic irreducible polynomials in R[x] as f1(x)f2(x) · · · fr(x).

Example 16. In (F4 + uF4)[x], where F4 = {0, 1, ω, ω2} and 1 + ω + ω2 = 0. For
x5 − 1 = g1(x)g2(x)g3(x), where g1(x) = x− 1, g2(x) = x2 + ω̄x+ 1, g3(x) = x2 + ωx+ 1.
Then, x5− (1−u) = f1(x)f2(x)f3(x), where f1(x) = x− (1−u), f2(x) = x2 + ω̄(1−u)x+
1, f3(x) = x2 + ω(1− u)x+ 1.

The following result give a technique to find the Hamming minimum distance of a
(1− u)-constacyclic code over R of length n.

Theorem 17. Let C be a (1 − u)-constacyclic code over R of length n, then dH(C) =
dH(Tor(C)).

Proof. Let’s assume that there is a polynomial r(x) ∈ Tor(C), such that dH (Tor(C)) =
wH(r(x)). Then ur(x) ∈ C, and wH(r(x)) = wH(ur(x)), and so we have dH (Tor(C)) ≥
dH(C). Conversely, suppose dH(C) = wH(c(x)), where c(x) ∈ C. If all the coefficients
of c(x) are zero divisors of R, then we’ll get a codeword in C with Hamming weight
less than wH(c(x)), which is a contradiction. Therefore, any coefficient of c(x) is either
zero or a unit in R. So we must have some t(x) ∈ Tor(C) such that ut(x) = c(x).
Then, wH(c(x)) = wH(ut(x)) = wH(t(x)), and hence dH (Tor(C)) ≤ dH(C). Thus,
dH(C) = dH (Tor(C)).

4 Symplectic LCD codes from codes over ring R

The goal of this section is to construct q2-ary LCD codes with respect to the symplectic
inner product by employing linear codes over R.

Definition 18. A linear code C is called a symplectic LCD code if C ∩ C⊥S = {0}.

A symplectic LCD and also symplectic MDS code will be abbreviated to symplectic
LCD MDS.

The following conclusion is a characterization of symplectic LCD codes.

Theorem 19. If G is a generator matrix for the Fq2-linear code C in F2n
q2 with param-

eters [2n, k], then C is a symplectic LCD code if and only if the k × k matrix GΩGT is

nonsingular, where Ω =

(
0 In
−In 0

)
.
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Proof. Suppose that GΩGT is singular, then there is a nonzero vector a ∈ Fkq2 , such that

a(GΩGT ) = 0. Let c ∈ C\{0}, such that c = aG, then cΩGT = a(GΩGT ) = 0, so that
c ∈ C⊥S , which is a contradiction.

For the converse, suppose that GΩGT is nonsingular. For every a ∈ C∩C⊥S , if a ∈ C,
then ∃v ∈ Fkq2 , such that a = vG, then aΩ[GT (GΩGT )−1G] = v[(GΩGT )(GΩGT )−1]G =

vG = a. If a ∈ C⊥S , which implies that aΩGT = 0, then aΩ[GT (GΩGT )−1G] =
aΩGT (GΩGT )−1G = 0. Therefore, C ∩ C⊥S = {0}.

Now we are going to discuss how to construct symplectic LCD codes by using linear
codes over the ring R. For x = a + ub ∈ R, where a, b ∈ Fq2 , let ϕ(x) = (b, a + b).
This Gray map can be naturally extended to Rn as follows: Let c = (c0, c1, · · · , cn−1),
then ϕ(c) = (b0, b1, · · · , bn−1, a0 + b0, a1 + b1, · · · , an−1 + bn−1), where ci = ai + ubi with
ai, bi ∈ Fq2 for 0 ≤ i ≤ n − 1. Let ϕ(C) = {ϕ(c) : for all c ∈ C}. After a simple
calculation, we will find the following result. We first consider the generator matrix of
ϕ(C).

Lemma 20. If C is a linear code over R of length n with generator matrix G in standard
form as in (1), then the generator matrix of ϕ(C) is

ϕ(G) =

 Ik1 A B1 Ik1 A B1

0 Ik2 D 0 Ik2 D
0 0 B2 Ik1 A B1 +B2

 ,

and ϕ(C) is a q2-ary [2n, 2k1 + k2] linear code.

Theorem 21. Let C be a linear code over R of length n. If C is Hermitian LCD, then
ϕ(C) is symplectic LCD over Fq2 of length 2n.

Proof. For any c ∈ C, c′ ∈ C⊥H , where c = a + ub, c′ = a′ + ub′, we have 〈c, c′〉H = 〈(a +
ub), (a′−ub′)〉E = 〈a, a′〉E+u(〈b, a′〉E−〈a,b′〉E) = 0, which implies that 〈ϕ(c), ϕ(c′)〉S =
0. So we have φ(C⊥H ) ⊆ φ(C)⊥S . Since the map ϕ is bijection, ϕ(C⊥H ) = ϕ(C)⊥S .

If C is Hermitian LCD, then C∩C⊥H = {0}. We can easily obtain that ϕ(C∩C⊥H ) ⊆
ϕ(C)∩ϕ(C⊥H ). Again because ϕ is bijection, we have ϕ(C)∩ϕ(C)⊥S = ϕ(C)∩ϕ(C⊥H ) =
ϕ(C ∩ C⊥H ) = {0}. Thus ϕ(C) is symplectic LCD.

From the definition of the Gray map, we easily obtain the following result.

Lemma 22. The Gray map ϕ is a distance-preserving map from Rn ( Hamming distance)
to F2n

q2 (symplectic distance).

We have the following corollary when C is a free code over R.

Corollary 23. Let C be a free linear code over R of length n. Then C is an [n, k1, dH ]
Hermitian LCD code if and only if ϕ(C) is an [2n, 2k1, dS] symplectic LCD code, where
dS = dH . Further, if C is MDS, then ϕ(C) is symplectic MDS.

Sequences and Their Applications (SETA) 2020 8



Hermitian LCD codes over finite rings and their applications to maximal entanglement EAQECCs

Proof. The sufficiency follows from Theorem 21, and it just needs to prove the necessity.
The generator matrix of C is G =

(
Ik1 A B1 + uB2

)
, since C is free. According to

Lemma 20, the generator matrix of ϕ(C) is

ϕ(G) =

(
Ik1 A B1 Ik1 A B1

0 0 B2 Ik1 A B1 +B2

)
.

According to Theorem 19, if ϕ(C) is a symplectic LCD code, then ϕ(G)Ωϕ(G)T is non-
singular. Since

ϕ(G)Ωϕ(G)T =

(
0 Ik1 + AAT +B1B1

T

−(Ik1 + AAT +B1B1
T ) B2B1

T −B1B2
T

)
,

so we have Ik1 + AAT +B1B1
T is nonsingular. then

GḠT = Ik1 + AAT +B1B1
T + u(B2B1

T −B1B2
T )

is also nonsingular. Hence, C is Hermitian LCD. The parameters of C are easy to obtain
according to Lemma 22.

Example 24. Let R = F2 +uF2, and C be a linear code over R with parameters [5, 3, 2],

whose generator matrix is given by G =

 1 0 0 1 1 + u
0 1 0 1 1 + u
0 0 1 1 1 + u

. Note that GḠT = I3

is nonsingular, then C is a Hermitian LCD code from Theorem 19. We can easily verify
that C satisfies the conditions of Corollary 23, therefore ϕ(C) is a binary symplectic LCD
code with parameters [10, 6, 2].

5 Maximal entanglement EAQECCs

An [[n, k, d; c]] EAQECC encodes k logical qubits into n physical qubits using c copies of
maximally entangled states, and d is the minimum distance of the code.

The following is the explicit symplectic method of constructing EAQECCs from clas-
sical linear codes([10]).

Theorem 25. Let C ⊆ F2n
q2 be an (n−k)-dimensional Fq2-linear space and H = [HX |HZ ]

be a matrix whose row space is C. Let C ′ ⊆ F2(n+c)

q2 be an Fq2-linear space such that its
projection to the coordinates 1, 2, · · · , n, n + c + 1, n + c + 2, · · · , 2n + c equals C and
C ′ ⊆ (C ′)⊥S , where c is the minimum required number of maximally entangled quantum
states in Cq2 ⊗ Cq2. Then,

2c = rank(HXH
T
Z −HZH

T
X) = dimFq2

C − dimFq2
(C ∩ C⊥S).

The encoding quantum circuit is constructed from C ′, and it encodes k + c logical qudits
in Cq2⊗· · ·⊗Cq2 into n physical qudits using c maximally entangled pairs. The minimum
distance is d = dS(C⊥S\(C∩C⊥S)). In sum, C provides an [[n, k+ c, d; c]] EAQECC over
the field Fq2.
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H. Q. Xu, W. Du

An EAQECC with c = n − k is called a maximal entanglement EAQECC [14]. It
was shown that maximal entanglement EAQECCs can achieve the entanglement-assisted
quantum capacity of a depolarizing channel. When C ∩ C⊥S = {0}, i.e., C is symplectic
LCD, according the theorem above, C provides a maximal entanglement EAQECC. By
the Singleton bound for EAQECCs[[n, k, d; c]] [1], we have 2(d− 1) ≤ n− (k − c) and an
EAQECC meeting this bound is called an MDS EAQECC.

Next, based on Hermitian LCD (1−u)-constacyclic codes over R introduced in Section
3, the Gray map and the above symplectic construction method, we obtain the following
new class of q2-ary quantum codes.

Theorem 26. There exists a maximal entanglement EAQECC over Fq2 with parameters
[[n, n− k, d⊥τ ; k]] or [[n, k, dτ ;n− k]], where d⊥τ = dH(Tor(C⊥H ) and dτ = dH(Tor(C).

Proof. Let C be a Hermitian LCD (1− u)-constacyclic code of length n over R, applying
Theorems 21 and 25, we get a symplectic LCD cyclic code ϕ(C) of length 2n over Fq2 which
provides a class of q2-ary [[n, n− k, d; k]] quantum codes which is maximal entanglement.
The Hamming minimum distance of the quantum code is d = dS(ϕ(C)⊥S), since ϕ(C) is
symplectic LCD. From Lemma 22 and Theorem 17, d = dH(Tor(C⊥H ), which is denoted
as d⊥τ . The remaining is similar.

From the theorem above, we can see that a class of maximal entanglement EAQECCs
can be obtained if we found a class of Hermitian LCD constacyclic codes C. Further, if C
is MDS, then the quantum code is MDS EAQECC. This is different from the previous case
of Hermitian or Euclidean inner products. We believe that more maximal entanglement
EAQECCs can be obtained from this method.
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