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ABSTRACT. Maximum distance separable codes with linear complementary duals
(LCD MDS codes) are very important in coding theory and practice. Thus it is
interesting to construct LCD MDS codes. In this paper, we give check matrices of
twisted generalized Reed-Solomon codes and construct three classes of new LCD
MDS codes from twisted generalized Reed-Solomon codes. Moreover, LCD NMDS
codes are also presented.

1. INTRODUCTION

A linear complementary dual code (LCD) is a linear code C whose dual code C*
satisfies C N C*+ = {0}. Massey demonstrated that there exists asymptotically good
LCD codes and provided an optimum linear coding solution for the two-user binary
adder channel [8]. Afterwards, Yang and Massey [20] gave a necessary and sufficient
condition for a cyclic code to have a complementary dual. In [19], Li et al. showed
some families of LCD cyclic code over finite field and gave their parameters. Bringer
et al. [17] and Carlet and Guilley [4] introduced and analyzed a masking scheme,
called orthogonal direct sum masking (ODSM), to protect against side-channel at-
tacks and fault injection attacks (FIAs). The complementary-dual property plays
a decisive role in the working performance of ODSM, because it enables us to use
orthogonal projection to recover information of an LCD code to against FIAs. It
is well known that LCD codes have been widely used in communications systems,
consumer electronics, cryptography and so on. Moreover, some other classes of LCD
codes were explicitly considered in [11]-[18].

It was shown that LCD codes with relatively large minimum distance are desirable.
Maximum distance separable (MDS) codes are optimal in the sence that no code of
length n with M codewords has a larger minimum distance than an MDS code with
length n and size M. The construction of LCD MDS codes is thus becoming a hot
research issue in coding theory. Recently, Jin constructed several classes of LCD MDS
codes by using two classes of generalized Reed-Solomon codes [5]. Then, Chen and
Liu constructed some new LCD MDS codes by a different approach from generalized

2010 Mathematics Subject Classification. 94B05.

Key words and phrases. Linear complementary dual, generalized twisted Reed-Solomon codes,
MDS codes .

This work was supported in part by National Natural Science Foundation of China (No.

61772015).
1



2 HUANG, YUE, AND NIU

Reed-Solomon codes [7]. In [17], Carlet et al. showed LCD codes are equivalent to an
arbitrary linear code for ¢ > 3 in the Euclidean case. In [1], Beelen et al. presented
twisted Reed-Solomon codes and gave a efficient and necessary condition for twisted
Reed-Solomon codes to be MDS. In this paper, we constructed several classes of LCD
MDS codes from twisted Reed-Solomon codes. Since twisted Reed-Solomon codes is
different from Reed-Solomon codes, then LCD MDS codes we constructed in this
paper is different from the known. Moreover, NMDS codes were introduced in 1995
in [21] by weakening the definition of MDS codes. If a code has one singleton defect
from being an MDS code, then it is called almost MDS (AMDS). An AMDS code
is an NMDS code if the dual code is also an AMDS code. NMDS codes also have
application in secret sharing scheme [22, 23]. In this paper, we also present several
classes of NMDS LCD codes from twisted generalized Reed-Solomon codes.

The paper is organized as follows. In section 2, some basic notations and results
about twisted generalized Reed-Solomon codes are introduced. In Section 3, three
new constructions of MDS or NMDS LCD codes are provided. In Section 4, We
conclude the paper.

2. PRELIMINARIES

In this section, we review some basic notations and some basic knowledge. In
particular, we introduce MDS codes and NMDS codes from twisted generalized Reed-
Solomon codes and show their check matrices.

2.1. TGRS codes. Let F,[z] be a polynomial ring over a field field IF, of order g. We
denote the rank of a matric M over F, by R(M). We abbreviate generalized Reed-
Solomon codes, twisted Reed-Solomon codes, and twisted generalized Reed-Solomon
codes as RS codes, GRS codes, and TGRS codes, respectively.

Now, let us recall some definitions of TRS codes in [1].

Definition 1. Let V be a k-dimensional F,-linear subspace of F,lx]. Let vy, ..., ay
be distinct elements in F, and o = (aq,...,ay). Let vy,...,v, be nonzero elements
in Fy, and v = (vy,...,v,). We call aq,...,a, the evaluation points. Define the

evaluation map of a on 'V by

evo 2V — Ty, () m— eva(f(2)) = (fan), ..., flam));

define the evaluation map of o and v by

eV V — FY, f(1) ¥ eva(f(7)) = (vif(aa), ..., vnf(an)).

Definition 2. Let k, ¢, and h be positive integers with 0 < h <k < q andn € F, =
F,\{0}. Define the set of (k,t, h,n)-twisted polynomials as
k—1

Viernn = {f(x) = Zaimi + napat I q; € F,,0<i<k-—1},
i=0



which is a k-dimensional IF;-linear subspace. We call h the hook and t the twist.

In this paper, we always assume that h =0 and t = 1, so

k—1
Viiom = {f(z) = Zaixi +nagr® a; € F,,0 <i<k—1}.
i=0

For convenience, set k <n — k.

Definition 3. Let ay, ..., o, be distinct elements in Fy and o = (aq, ..., ). Let
V1, ..., U, be nonzero elements in Iy and v = (v, ...,v,). Let Vi1, be in Definition
2. The TRS code of length n and dimension k is defined as

Ck<057 17 77) = €Ua(Vk,1,0,n) C ]FZ
The TGRS code of length n and dimension k is defined as
Ck(Oé7 v, 77) = eva,v(vk,l,o,n> C FZ

Remark 1. Compared with GRS codes, TGRS codes is different. See more details
in [1].

In fact, if v = (1,...,1) = 1, then Cx(a,v,n) = Cx(a, 1,7), i.e., the TGRS code is
the TRS code.
Let Gy is a generator matrix of Cy(a,v,n), then

vi(1+nak) v(l+nak) ... v,(1+nak)
Vi e . UnOip
Gy = s c . . (2.1)
vy vy vpakt

Definition 4. A [n, k,d] linear code C over F, is MDS if d=n—k+1. A [n,k,d]
linear code C over F, is almost MDS if d =n—k. A [n,k,d] linear code C over I, is
NMDS if C and the dual of C are almost MDS codes, respectively.

Now, we present the sufficient and necessary condition that TGRS code is an MDS
or NMDS code (The part of MDS codes are covered in [1]).

Lemma 1. Let oy, ..., o, are distinct elements inF,, a = (o, ..., ap), v = (v1,...,0,) €
(F:)", andn € F;. Let
Sp={(=DF]Jei" T {1, n} [ =k},
iel
then we have the following:

(1) the TGRS code Cy.(a,v,m) is MDS if and only if n € F}; \ Si;
(2) the TGRS code Cy(c,v,m) is NMDS if and only if n € Sk.
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Proof. (1) For the completeness, we provide another method to prove it.
Cr(a,v,1m) is MDS <= any k columns of G are linear independently.

vy (L+naf) v,(1+nak) .0 v, (1+nak)
Uil.&il UiQ.CKiQ Ce UZkOéZ,C 7§ O’
vilafl_l Vi ozf;_l c (2 osz_l
where {iy,19,...,i;} is an arbitrary k-subset of {1,2,...,n}. Then the result follows

immediately by linear algebra.

(2) “ <= " By linear algebra, we know that any k£ — 1 columns of Gy are linear
independently over F,. If n € S, then there exists k columns of G are linear
dependently over F,. Thus, the parameter of Cy(,v,n)* is [n,n — k,k]. Similarly,
since any n — k — 1 columns of Hj, are linear independently over F, and C(a, v, n)*
is not MDS, we obtain the parameter of Cy(«,v,n) is [n, k,n — k]. Thus, Cx(c,v,n)
is NMDS.

“ =7 Conversely, if Cy(a,v,n) is NMDS, then the parameter of Cy(,v,n)* is
[n,n — k, k], which implies that there exists k columns of Gy is linear dependently
over F,, i.e. n € Sk. O

Remark 2. It should be noted that F}, \ Sy in Lemma 1 can always be a nonempty
set. In particular, if ¢ — 1 > #lk),, or{ay,as,...,a,} C H, where H is a proper
subgroup of ¥y, then F, \ Sy is a nonempty set. Or rather, there are many choices of

{a1, a9,...,an} such that Sy is a proper subset of ;.

Let Gy be the generator matrix of Cy(a,v,n) as (2.1). We shall find the check
matrix of of Cx(a, v, 7).

Theorem 1. For convenience, set a = [[_, o; # 0. Then

U1 (%) Un
Ui uz Un
v X1 vy X2 o, O
H, . = : (2.2)
uy n—k—2 ug n—k—2 Uy n—k—2
" Oél Vo Oé]z Un Oél
uy (n—k—1 na ug (n—k—1 na Un (A n—k—1 na
V1 (al oq ) V2 (a2 a9 ) Un (an an)

is the check matriz of Cy(cv,v,n), where w; = [[}_, (i —ay)~', 1 <i<n.

Proof. To calculate the check matrix of Cy(c,v,n), we investigate the check matrix
of Cx(a, 1,7).
There is a n x n matrix over F:



(1)

(2)

Consider the system of equations over F: G(uy,ug,...,u,)" = (0,...,0,1)T.
Then there is an unique solution: (uy,...,u,)", where u; = H?:L#i(ai —
;) 1<i<n.
Consider the system of equations over F,: G (w1, ws, ..., w,)" = (1,0,...,0)T.
Then there is an unique solution: (wy, ..., w,)", where w; = [[_, ;. ;(a; —
;) ray =y H;.L:L#i aj,1<i<n.
Let
w1 ula?_Q [P ula?_k_l [P Uy
H B Wo u2a?_2 e u2a§]’_k_1 N Uo
Wy U2 Ukl U,
Then
1 0 0 - 0
GH=L=1| 0 =« 1 0

is an lower triangular matrix over IF, and its all elements of main diagonal are
equal to 1, where * is not necessarily 0. This is a little similar to RS codes (
for details see RS codes in [8]) but more difficult.

Hence
1 = 0 - 0
PlGHPQ =1 = 0 = 1 0 )
0 =* * 1

where P, = P(1, (k+1)(n)) is an elementary matrix, that 1th row is replaced
by sum of 1 times k + 1th row and 1th row, and P, = P(1,(k+1)(—n)) is an
elementary matrix, that k + 1th column is replaced by sum of —n times 1th
column and k + 1th column.

For convenience, let a =[], o; # 0 and

Ui (%) ce Un,
ujoq U209 PN UnpOlp
I —
ank - . . :
ula;’fk*? uzozg*k*2 - uloz?*k*2
n—k—1 a n—k—1 a n—k—1 a
ur(ay - 77071) uz (o - 77072) un (o, - U@)

Then G, ;L_kT =0, where G}, = Gy, with v; = 1,1 <i < n.
Let H, ; be the matrix as (2.2). Then G H! , = 0 and it is the check

matrix of Ci(a,v,n).



6 HUANG, YUE, AND NIU

By the discussion above, the result follows immediately. O

2.2. Hull of TGRS codes. Given two vectors x = (x1,,...,2,) andy = (y1, %2, . - -,

n

Yn) € Fy, the Euclidean inner product is defined by (x,y)r = > z;9;. For a linear
i=1
code C of length n over F,, the code

Ct={xeF!|(x,y)g =0, forally €C}
is referred to as its Euclidean dual code. Define the Hull of C as
Hull(C) =C[)C".

If Hull(C) = {0}, C is called an Fuclidean LCD code: if Hull(C) = C and dim(C) =
dim(CT), C is called a self-dual code; if Hull(C) = C, C is call a self-orthogonal code.
To investigate LCD TGRS codes, we first study the hull of TGRS codes with the

same notations above.

Lemma 2. dim(Hull(Cy(a,v,n)) =n—R ( HGk ) .
n—k

Proof. Firstly, by the definition, we obtain
Hull(Cy(a,v,n) = {uG | pGy = kHpy, pu € Fi, s € Fi 75}

Then we have

| | G .
dim(Hull(Cy(a,v,m))) = dim{u | ( po—kK ) ( Hn: ) =0, pelF, keF "}
: G k n—k
:dzm{<,u —/1>|<,u —/4;) "o =0, p el kel }
=n—R G ,
Hn—k
where the second equality holds because the rank of rows of H,,_; is full. ]

Next, we consider LCD codes Cy(c, v, n) which satisfies dim(Hull(Cy (o, v,n)) = 0,

i.e. R( G ) =n
Hn—k

Considering < GI HT , >, multiplying v; to the ¢th row for 1 < i < n, we then

obtain a matrix D, where

2 k 2 2 k—1 n—k—2 n—k—1 a
vi(l+nat) viar ... via Ul U1 ... uLQg up (af -nas)
2 k 2 2 k-1 n—k—2 n—k—1 a
D vi(l+nat) viaz ... vias Uz U202 ... UQu uz(as —nas)
2 k 2 2 k-1 n—k—2 n—k—1
vp(l+nay) vianm ... via, Un  UnQn ... Unoy un (agy - ni)

Next, we will give some construction of LCD MDS codes by choosing «,v such
that R(D) = n.



3. LCD MDS CODES

In this section, we always assume that Cy(«, v,7) is a TGRS code, and Sy, is defined
as in (2.2). Then it is a MDS or NMDS code. Now we shall construct three classes

of LCD MDS codes or LCD NMDS codes from TGRS codes. We always assume ¢ is
an odd prime power.

3.1. Construction I. If n|g — 1, let A € [}, then there is an element € € F; such
that €* = A. Let w € F, with ord(w) = n. Then there is an irreducible factorization

over F,:

1 n 1

Set a; = ew'™ !, 1 < i < n. Consequently, u; = [[io jilai — )™ = m'(a;)™ =
La;,1 <i<n. Leta=[[, a; = (=1)""\. To construct LCD codes, we need the
following statement.

1

Lemma 3. Ifn =2k, then 1 + na=1—n?X#0.

Proof. Suppose that 1 — 72\ = 0, then 22 — X\ = 22 — =2 = (2F 4 7 1) (2% — n71).
Consequently, (—1)*],.;a; = 77! or —y~! for some I C {1,2,...,n} with |I| =k,
which is a contraction with the choice of 7. O

Let v; € {1,—1} for k < i <n,v; € F,\ {0,—1,1} for 1 < i < k— 1. Then we
have

2 k 2 2 k—1 1 1 n—k—-1 1 n—k
vi (1 + nat) viou e viag s 2 I ey =5 (™" —na)
2 k 2 2 k-1 1 1 n—k—1 1 ( n—k
D= Vo1 (L +nag_1) ve_iok-1 ... Vp—10p_1  x®k-1 x Q-1 ﬁ(akfl —na)
- k k—1 1 1 n—k-1 1 —k
1+ nag Qg oy =k =Sy =5 (™" —na)
k k—1 1 1 n—k-—1 1 n—k
1+ na, on o San ... Qg = (™" —na)

If k < n—k—1, by elementary transformation of matrix D, we obtain the following,

k—1 —k—1 —k
(v —Dag N O Loy s1+1 a1 ooof ol " —na
2 2 k—1 n—k—1 n—k
D/ . (vi_i—Dag_1 ... (Wi_;—Dag—; sp—1+1 ap_1 ... Ock_}C ozk_}c —na
- n—k—1 n— Y
0 0 1 ag ceeay a, " —mna
0 0 1 an k=1 o=k _pq

where s; = (v — 1)(1 +nak) for 1 <i <k — 1.
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If K =n —k, then

(v — Dy . (v - l)ozlf_1 s1+1+n%a a1 . a’f_l ak —na
k— k—
D// . (vﬁ_1 —Dak—1 ... (U,%_l — 1)O‘k—% sp—1+1+7n%a ap_1 ... akii aﬁ_l —na
0 0 1+ n2%a ag a’,zfl aﬁfna
0 0 1+n2a Qn oz’ffl o/fb—na

Using lemma 3, and by noting that the matrices D’ and D” are upper triangular
block matrix, respectively. Then by some properties of Vandermonde determinant, it
is not difficult to find D" and D" are nonsingular. Then we have the following results.

Theorem 2. Let nlg — 1 with ¢ a prime power and assume m(x) = z" — A =
[T-,(x — o) € Fylz] with ay,...,an, A € Fy. Let v; € {1,—1} for k < i <n and
v; € F,\{—1,0,1} for 1 <i<k—1. Then

k—1

Crlo,v,n) = {(vif(0n), ... vnf (o)) | flz) = Z fix' + nfox* € Fylz]}

is an LCD MDS code, where n € F;\S}.

Proof. Since ged(m(x), m'(x)) = 1 and by the discussion above, we obtain R(D) = n.
Consequently, LCD MDS is obvious. O

Remark 3. In particular, if n € Sy in Theorem 2, then Ci(a,v,n) is an LCD NMDS

code by Lemma 1.

3.2. Construction II. Let m(z) = 2" 4+ bx + A € Fy,[z] with F,, a subfield of Fy,
and assume that F, is the splitting field of m(z) over F,,. Assume that oy, s, ..., ay

are all roots of m(z) in F,, i.e.,

m(z) =" +br + A= [[(z — a;) € Fyla].

=1
=TI ) — () — ;i _ T o
Consequently, u; = Hj:l,j;éi(al a;) "t =m/ ()" = b(1—n)oy; —nx Let a =[[;_, ai =
(—1)"A.
Let v; € {1, -1} for k <i<n,v; e F,\{0,—1,1} for 1 <4 <k —1. Then we have
) ) q ) )
v (1 +nak) via viak! « I i
1 noy 101 ce 10 51 N P =
v (1+nak_ ) vi_ia vi_ okl Sket L o e
D= k—1 nag_1 k—1Q®k—1 ... E-1%_1 G, Skt Skt ,
k k— ) a?™h T al’ " —na
1+ nay ak af™! Sk P T
n—k—1 n—k_
1+ nak an ... ak=t Qn @ o na

where s; = b(1 —n)a; —nX for 1 <i<k—1.



By elementary transformation of matrix, when k < n — k — 2, we obtain that D' =

(v = Darsy (v} = Dai s (0 —1)(1 + nak)sy —nA ... av P pa

(vz_l —Dak_18k-1  --- (v,%_1 - 1)a§:%sk,1 (v% - 1)1+ na’f)sk,l —-n\ Qgp_1 ... a::f —na

0 0 —nA ag asz —na

0 0 —n\ an "k _na

Thus, R(D) = n.
When k =n — k — 1 with n an odd integer, we obtain that D" =

(vf = Dausy (vf = Day ™ tsy (v7 = (1 +naf)s1 +s a1 ... a7 F—na
(1)%71 —Dak_18k-1  --- (1}%71 = 1)a§:isk,1 (1)%71 -1+ T]aﬁil)sk,l +s5 ap_1 ... aZ:f —na
0 0 s gk aZ_k—na
0 0 s an aszfna

where s = n?ba(1 —n) — nA. Choose n* # a~'b~1(1 — n)~'n\. thus, R(D) = n.

Theorem 3. Let ) € F;\ Sy and n® # a='b~' (1 —n)~'n\. Assume that {ay, ..., o}
is the set of roots of a trinomial m(x), which is given by m(x) = =" + bx + A for
some b, A € i such that a; # nAb~'(1 —n)~! for 1 <i < n. Letv; € {1,-1} for
k<i<n,v,eF\N{0,—-1,1} for 1 <i<k—1. Then

k-1

Ck(aav777) = {<U1f(a1)7 s ,Unf(Oén)) | f(l’) = Zfle + 77f0$k € Fq[l’]}

is an k dimensional LCD MDS code for any k < |5 | with n an odd integer, while for

any k < | 5] — 1 with n an even integer.

Proof. Since m/(z) = nz"' + b, m(a;) = 0 and o; # nAb'(1 — n)~', we then
obtain m/(«;) # 0 for i = 1,2,...,n. Consequently, (m(x),m/(z)) = 1. That implies
aq,Q, ..., ap are distinet elements in Fy. By the choice of v;,7 = 1,2,...,n and 7, we
obtain that Cy(a,v,n) is MDS code over F, by Lemma 1. By the discussion above,
since n? # a~'v7'(1 — n)"'n), then R(D) = n. Consequently, Cy(c,v,n) is LCD.
Thus, the result follows immediately. O

Remark 4. In particular, if n € Sy in Theorem 3, then Cy(a,v,n) is an LCD NMDS
code by Lemma 1.

3.3. Construction ITI. Let ¢ = p™, n+1 =p°withe <mand U = {ay,...,a,} J{0}
be an additive subgroup of F,. Actually, U is a vector space of dimension e over F,,.
Let m(x) = w, and write [ [, . (z — u) = 2" + 2;;(1] a;z”’ ' € Fy[z]. Then

n e—1
m(x) = H(JJ —a;) =21+ Zaiprl +(—=1)"a
j=1

J=1
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with
n n
a:HOzi: H (o — aj)(o — 0).
i=1 i j=1
Thus, u; = [[}_, (0 — )™ = a ;.

Let v; € {1,—1} for k < i <n,v; € F,\ {0,—1,1} for 1 <i <k — 1. Then we
have

2 k 2 2 k-1 —1 —1_n—k-1 _—1/ n—k
vi(1 + nat) vias e Vi a”tan ... a af a” (a7 —na)
2 k 2 2 k-1 -1 —1_n—k—1 1/, n—k
D= Vi1 (I +mag_1) Uk 10k—1 ... V1057 @ Qk—1 ... a o) (o =y —na)
= k—1 - —1_n—k-1 _— —k
1+ nak g oy a o, ... ala} Yal™* —na)
1+ nak Qan k1 ala, ... a7l a7 F —na)

If k < n—k—1, by elementary transformation of matrix D, we obtain the following,

(v -1y R (O ) 1% s1+1 a1 .oabTRTl anTR g
D = (v,%_1 —Dog—1 ... (v}%_l - 1)042:1 Sp—1+1 ap_1 ... 042:571 aZ:f —na
0 0 1 o anfkfl anfk o )
k.. o " na
0 0 1 an ceo el TRl QTR g
where s; = (v2 — 1)(1 +naf) for 1 <i <k —1.
If Kk =n—k, then
(v — Doy N l)o/f_l s1+1+n% a1 .. o/f_l ak —na

D// . (1},%71 —Dak—1 ... (vi71 - 1)a2:% sp_1+1+n%a ap_1 ... a’;:i algil —na
0 0 14+ n2%a g az_l a’,ﬁ—na
0 0 14+ n2%a Qn affl ak —na

Make an assumption that n? # _71, and by noting that the matrices D" and D" are
upper triangular block matrix, respectively. Then by some properties of Vandermonde
determinant, it is not difficult to find D" and D" are nonsingular. Then we have the
following results.

Theorem 4. Let ¢ = p™,n+ 1 = p® with q a prime power and e,m are integers
satisfying e < m. Assume 2”7 43  a;a? = [[1,(x—a,) € Fylz] with oy, ... oy €
F,. Letv; € {1,—1} fork <i<n and v, € F;\ {—1,0,1} for 1 <i <k —1. Then

k—1
Crla,v,m) = {(vif(an,...,vnf(ow)) | f(x) = Zfzﬂﬁl +77f0$k S Fq[x]}

1s an LCD MDS code, where n € ]FZ\Sk and n? # _71

Proof. From the discussion above, we obtain R(D) = n. Consequently, LCD MDS is

obvious. O
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Remark 5. In particular, if n € Sy, and n* # ’71 in Theorem 4, then Ci(a,v,n) is
an LCD NMDS code by Lemma 1.

4. CONCLUSION AND FUTURE WORK

In this paper, we investigate MDS or NMDS LCD codes by TGRS codes. We give
the check matrix of TGRS codes, which plays an important role in investigating dual
codes of TGRS codes. By factorization of binomial, trinomial and linearized polyno-
mial over [F,, we choose a and v such that the matrix D is full rank. Consequently,
we obtain three classes of MDS or NMDS LCD codes. It is possible to construct more
classes MDS or NMDS LCD codes by different polynomials from TGRS codes.

A part from the problem mentioned above, there could be many other interesting
problems associated with MDS codes. A possible direction for future work is to
investigate self-dual MDS codes from TGRS codes (e.g., see [6]).
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